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Linear Elasticity (small strains)

Direct Problem P o(x,t) = C : e[u]
Balance of forces
divo[ul] + f —pu =20

initial conditions (x € Q)
u(a:, O) — uo(a:) ’u,(a:, O) — UO(w)
boundary conditions (x,t) € S, US, x [0,T]
u(z,t) = u’(z,t)
o(z,t) -n(x) = p’(z,t)

Inverse Problems [Bonnet & AC, Inv.Problems 2005]

e identification of constitutive parameters [AC, Grediac & Pierron]
e identification of boundary tractions [Cimetiere et al]
e reconstruction of an inclusion [Nemitz & Bonnet, 2005]

Techniques

e variational formulation: principal of virtual power
e strain-stress duality
e minimisation of a cost functional:

p = arg min J(u, q)
q,u€Pq



Reciprocity
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Maxwell-Betti Reciprocity Theorem

Jo-u1r=f1-u
e existence of internal energy

e symetry of elatic moduli [A]



Réciprocite

Probleme direct
(A4 JA) -u

Principe de Maxwell

Ecart a la réciprocité

Probleme adjoint
A-u*

frusfou



Reciprocity & Identifiability of C*(x)

Equilibrium
divC : eflu] =0
boundary conditions xes
u(z) = uP(z)
o(z) -n(x) = p’(x)

/u-pc[w]dsz/ Vu:C : Vwdv
S Q

Nonuniqueness for anisotropic C*(x)

L

Lijre(¥ () = |detV¥| (@) Cimpn (2) )W (2)) W0 (2))



Reciprocity - Crack Identification

w-

Direct Problem
dvCVu = piu divC Vw = pw
Reciprocity Gap

RB(u,w,IN) = /OOO/I_[[u]]-O'[w]-ndsdt

0 JoQ QA\F

e clectrostatics & thermal diffusion: S. Andrieux & A. Ben Abda [1996],

H.D.Bui & A.Ben Abda [1998]

e acoustics, elastodynamics: H.D.Bui, AC, H.Maigre [1999,2004,2005]
e Helmholtz equation - enclosure method: Ikehata [ 2000,...]



Ecart a la réciprocitée: identification de la faille
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Ecart a la réciprocitée: identification de la faille

RG

]
Q

Réciprocité instantané

w(x,t) =qH({ — x - p) olw] -n=71[w]d(t—x-p)

R(t)=/r[[ut]]-T[w]ds=/mu-ﬂr[w]-nds
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Reciprocity - Crack Identification
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ty - Crack Identification

jproci

Rec

Convexe Hull
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Error in constitutive law (ECL)

e clectricity: Wexler & Mandel [1985], Kohn, Lowe, McKenney, Vogelius [1988-1990]
e elasticity: Ladéveze & Léguillon [1983] ...

Balance of forces: divC*Vu =0
boundary conditions (Su NS, =0)

u(z,t) = uP(z,t) (x,t) € S, x[0,T]
o(z,t) n(z) = p“(z,t) (x,t) €Sy x[0,T]
Error on constitutive law

E(v,s,C) = We(v) +We(s)
1

= —/ [v]:C’:s[v]dv—Fl/s:C’_lzsdv—/ p[n] -vds
2 Jo 2 Jq 8
scS(u” S,) et vecl(®”,sy)

E(C,v,s) = /||C’_1/2 s — CY2:e[v]|? dv
Q

1
2
— %/Q(S—C:e[v]):C1:(3—0:5[’0])0!1)

Fundamental Property

(u,o0)solution < FE(C,u,0)=0 < C=C"
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ECL - Localisation property

H.D.Bui & AC [2000]
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Inclusion (right) and spatial distribution of ECL (left)

n=2,3

e D = suppiC

e d = dist(z, D)

o c[w]V, e[w]” ~d™n
o £Ex~d 2n

1111111
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ECL - Identification of C*(x)

Balance of forces: divC*Vu =0
boundary conditions

u(x) =u”D(x) (x,)esS o@) n@)=p°Px) zc5 (=1,m)

Minimisation ECL
E(v,8,C) = We(v) +W5(s)
= l/ [fv]:C’:s[v]dv—I—lfs:C_lzsdv—/ p[n] - vds
2 Ja 2 J)a oQ

Algorithm AC [1994,1995]

e initial distribution: C® (),
e compute CUT1(z)

— compute

uP@® et WN@

— compute
Cit1 = arg min E(C, uP® aV®)
c

26



ECL - Identification of C*(x)

Eigenelastic Moduli

6 v _ (051001
C(2) =Y @) &) @& (x) oD = [T
— €k ZEk_

real 2 iterations 14 iterations
10% noise 0% noise

real 5 iterations 32 iterations
moments moments
0% noise 0% noise

|dentification of a square copper inclusion in an aluminium matrix
(Poisson’s coefficient)

27



Inverse Problem

e Inverse problems and sensibility computations

— Sensibility and contact boundary conditions
— ldentification of parameters of constitutive laws:
« |ldentation problem

x Poroelasticity

28



Nonlinear Problems (HPP)

Direct Problem P o(x,t) = F (e|u],e?,...)
Balance of forces
divolul]+ f—pu=0

Initial Conditions (x € Q)
u(x,0) = uo(x) u(x,0)=vo(x)
boundary conditions (x,t) € S, US, x [0,T]
u(z,t) = uP(x,t)
o(xz,t) - n(x) p”(x,t)

un—g—U(®#) < 0 p>0 p(un—g—-U")=0
Inverse problems

e viscoelasticity [Chen et al., Moreau et al. CFM 2005], [Lorenzi at al.]
e clastoviscoplasticity & contact [Maier et al, AC & Tardieu]
e process optimization [Chenot et al., Zabaras et al., ... ]

Technics

e Minimization of a cost functional:

p = arg min J(u,q)
q,u€Pq

29



Inverse Problem - Optimization Problem

input process output input process output

| A |y « ——= | Alp] | —= vl

cause model effect cause model effect
Real experiment Computed experiment

Probléme d’optimization

p = arg min J(u, q)
q,u€Pq

La fonctionnelle colt

J®) = lv—y@)

30



[ a fonctionnelle colt 7)) = - y(p)P2

Questions mathématiques Questions pratiques
e convexité et propriétés de mini- e algorithm de minimisation: Gra-
mum dient, Filtre Kalman, ...
e erreures numeriques et expéri- e comment calculer
mentales 0F Oy
e connaissances apriori sur les -
: dp Op
parametres

— Differences Finies
— Differentiation Directe
— Méthode de I'état adjoint
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Sensitivities - Linear Direct Problem

Tortorelli & Michaleris, Vidal et. al., Arora et al., Kleiber et al, Zabaras et al.,

Minimize:

J(p) = J(u(p),p)
with u(p) solution of:

K (p)u(p) = F(p)

K symetric positive definite - FEM stiffness matrix

e Finite Differences
e Direct Differentitiation

e Adjoint Method

32



Finite Differences

J(p+ Ap) =T () + VI(p) - Ap+ (Ap?)
Forward Difference Approximation

aJ Jp+ Ap) - T
1T () = LT BPIZTR) 1y apy
Di Ap;
Backward Difference Approximation
aJ Jp—Ap) =T
1T ) = TP EPIZT@) 4y
Di Ap;
Centered Difference Approximation
d J Ap;) — T (p — Ap;
pi 2Ap;

e No preparation
Drawback

e Choice of Ap;
e number of necessary computations 1 4+ n,, 1 4+ 2n,,



Direct Differentiation

J(p) = J(u(p),p)

dJ oN A 0T
5 —(u(p) p) (u(p),p)
Di pz’
Kdu _dF dK .
dp; dp; dp;

e exact derivative
e FEM: same stiffness matrix

Drawback

e number of necessary computations 1 + n,
e Same programming
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ACﬁOint State Method wminimize 7 under constraint Ku = F

is equivalent to

Find the stationnarity point (saddle point) of the Lagrangian:

L(p,u,u”) = J(u,p) —u" (K(p)u— F(p))
Stationnarity Conditions

{fﬁ = K(p)u—F(p)=0 Direct Problem (2)
u*

oL _ ~K(p)Tu + 9J _ 0 Adjoint Problem (3)
ou ou

oL o0J . (OK OF

op op op op

e exact derivative
e FEM same stiffness matrix
e number of computations 1 + 1
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Sensitivity - elastoviscoplasticity

e Direct & Adjoint Differentation — V. 7: Cast3M (CEA) or Aster (EDF)
e Gradient Descent - BFGS, Levenberg-Marquard, ...Mathematica, Scilab

36



Plan

e Probleme d’indentation

— Calculs de sensibilité et conditions de contact

— Essais d’indentation: ldentification des parametres de la loi de com-
poritement

37



Probleme d’indentation

W L

Duréte Indentation continue

F F
Hyn ——— = k— ~ Hod" 2
Sur face 2

ion depth (microm)

Vickers | Berkovich ] ,
Avantages: pas d’'éprouvette, simple
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Solutions

Formules exactes - demi espace

e Elasticity - Hertz [1882]
e Perfect Plasticity - Hill, Tabor [1954], ...
e Plasticity with power laws - Jayaraman et al. [1988], ...

Formules empiriques & approchées

e films minces [Hutchinson et al. 1998], [Korsunsky & AC 2000]
e plasticité: sphere, cbne [Loubet et al., CFM 2005]

Probleme d’optimization p = arg ming ,ep, J (u, 1)

Elasticity Maxwell viscous behaviour

39



Calculs de sensibilité et conditions de contact

S

Zoue de coufad
PROMETE MRecT

Formulation primale (P), Probleme de Signorini

Trouver u € K tel que

/a(u):s(v—u) d2 >0 (5)
Q
VoeK={veV |vwg+Uonlc}

Formulation mixte (P.,,)
Trouver (u,p) € V x N tel que :

Joo(u) 1 e(@)dQ— [ prv2dl =0 VYveV
Jr@=p) (u2-U—-g)dlr 20  VYge N (6)
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Calculs de sensibilité et conditions de contact

S

Zoue de coufad
PROMETE MRecT
Probléeme d’optimization:
p=argminJ(p,FP) = argmin |FP — I'(p,u)|
peA peA,u€solutions

Lagrangien:
Levnae) = S0=F = [ o(u):e()dn
Q

+ prvodl 4+ [ q-(uo—U —g)dl
o o

Point d’optimalité = stationnarité de lagrangien

41



Calculs de sensibilité et conditions de contact

! F EF-F"“)
Zoue de coulad A
PROMENE PiRET PROBLEYIE ADJOINT

Adjoint Problem: Trouver v € VY tel que :

/a(v):s(’w) d2 = 0
Q

Vw e V% = {weV]w = —FP) onrgff}
Gradient de 7:

0T B oc .
[%,q—p]—/gem).%.e(v) (@—p)d2>0 VgeA

Remarques

e différence entre continu et R”
e Mignot, Bergounioux, Kunish [1987-2002]
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Calculs de sensibilité et problemes d’evolution

Direct Problem  e(Aw;)) = S : Aoy + 22O ny

Probleme d’optimzation p = arg min,c4 J (p, D)

Différentiation directe Méthode de I'état adjoint
Direct Problem Auxiliary Problem du / dp pirect Fropiem Agjoint Froblem
yer poom UexP F com )
— [
- VoL 1
3 £
§ 7] exp F com E . Q
_ - ueP foeom Uadl — Fcom_ Fexp §
v : :
= 2
UGXP F com %
€x] com «
° ‘ N4 ‘ U™ r
3 v ] "
E E) ‘ Uadl — Fcom_ Fexp 1
s
S

KiDpui = —8pKi’U,i —|— 3pfz

Matrice tangente coherente [Simo, Vidal, Arrora, .. .] t

.0,

e(Auy)) =8 : Aot —
( z) ? Ho2 1

I
o8 %P
VpJ = Ao — 0] At o7d2
pJ Z(/Q Oii G Ot G A )
1=0
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Exemple: probleme d’indentation

Norton - Hoff: AC & N.Tardieu [2000]

Nylon

Initial Values  Final Values
lteration 56

E (MPa) 1000. 1930.

K (MPa.sl/m) 100. 83.95

n 4. 7.34

oV (MPa) 30. 15.59

J 2.08 0.020

Duraluminium

Initial Values  Final Values
lteration 43
E (MPa) 50000. 37471.8
K (MPa.sl/m) 1500. 2750.76
n 5. 4.60
o¥ (MPa) 100. 52.09
J 0.22 0.0034
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Exemple: probleme d’indentation

Norton - Hoff: AC & N.Tardieu [2000]

Identation

Traction

lteration 53

200.
10.
4.
6.
3.85

220.
7.90
7.93
9.28
0.039

2
A
——- Experimental curve // ,’ 400.0
Identified curve // |
Y |
15 Vi I,
/ !
/ /
Vi / 3000 -
/2
z / -
g 11 / e
(=}
g ! z
8 2000 ,
2 / —— Computed curve
/ ——- Experimental curve
05 /
/
// /
P 100.0 + /
-~ !
__— /
P ‘ ‘ /
0 0.02 0.04 0.06 |
Enfoncement (mm) I
0.0 . . . .
0.00 0.10 0.20 0.30 0.40
Displacemen t (mm)
Initial Values  Final Values

0.50
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Identifiabilite ?

Questions sur l'identification des parametres

e existence et unicité
e stabilité (type de continuité)

46



Identation et couches minces

Module apparent

e couches élastiques, Indenteur céne
e Comparaison calcul semianalytiques - Prédiction formule:

€1~ €
* *
E (d) — €2 + 1d n (7)
Boh
Perfect Bonded Layer Freely Sliding Layer
600 ‘ 600 ‘
E E
= 500 = 500
S S
= 400 | f > 400 |
8 8
g 3007 = 300 |
@) @)
= 200 ¢ 2 200 |
D) o
5 ‘ S
& 100 =t & 100 ——
< <
0.01 0.1 1 10 100 0.01 0.1 1 100

Relative Indentation Depth Relative Indentation Depth



Identation et couches minces caicul EF

e couches élastoplastiques, Indenteur céne

e Comparaison calcul semianalytiques - Prédiction formule - Expériments:

Nano Micro

Macro

Experimental: Watts Ni on Cu
FEA: ideally plastic Watts Ni on Cu
FEA: power law hardening Watts Ni on Cu

T s Sall ThL o B SRR
FEA: ideally plastic NiP on Cu

0.5 1 2 5 10 RID

48



Plan

e Poroeélasticité

— Etat adjoint, Différentiation directe

— Essai de compression drainée, Pulse test: Identification des parameétres
de la loi de comportement

49



Poroélasticite

Direct Problem P
EDP paraboliques [Biot 1941,....]:

dive + F =0 e(u) = 3(Vu + VTu)
p ¢(q) = —divg +¢

Hydraulic diffusion equation
qg=—k-(Vp—f)

Mechanic constitutive law
oc—oo=0C,:e(u) — Mbl(q)
p —po= M(((q) —b:e(u))

++Conditions initiales et au limites

Probléme inverse P!
Déterminer p = {k, C,,, b, M } des mesures.

Différentiation directe et méthode de I'état adjoint
Lecampion & AC [IUNAMG 2005, IJG 2005]
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Methode d’identification

0.4 -
0.32§
Minimisation d’une fonctionnelle co(t : 0.256]
K]
p = arg min j(u,q) 1 Ky 08 /15 [25 /35
q,u€Pq 0.184-
Unicite, Stabilité de I'application: .
p — J(e) 0.112
0.04 7 A ‘ S B — N — 1 " T T T T T
9.5e-4 9.76e-4  1.e-3 1.028e-3 1.054e-3 1.08e-
o
3K

Confiment isotrope drainée

K
c= (K, Ky, D= kM—)

u

Pulse Test :

i)

c=|D,v=
( T G KunR2L

Technique: Différentiation Directe + minimization avec Levenberg Marquardt
51



Exemple poroélasticite

Compression isotrope drainée Pulse test
o e
| |
o__, | . O |
B | -« |
N | < I
— ] . -————— |
I
— | L / |
/ég | Undrained I
: I
Non drainé | |
| :
— | < |
11 AN
G | ! Reservoir
Drainé (Stiffness C,)
- pression de confinementa t = 0 - pas de changements en pression
- désplacements : - At t = O : pressure fluide injecté p, = po
& - pression réservoire :
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Exemple poroélasticite

Rapport d’aspect m = R/L < 1 — solution semi-analytique

Pulse test : solution semi-analytique: Hsieh et al. [1981] (transformé de Laplace)
compression drainée :solution semi-analytique (série)

integration numerique — Mathematica

Comparison with 2D-FEM solutions (Cast 3M)

€%
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Exemple poroélasticite

Compression isotrope drainée

déplacement axial

3.5
2.7
u /
7 19 A
L | — Identifié
E-3 1 | — Expérience
11
0.3 T T T T T T T T T T T T T
0 2 4 6 8 10 12 14

Temps (jours)

K = 1.04GPa, K, = 9.82GPa,
D =4.0210"%9m2.s"1

= estimation de la perméabilité intrinséque

D=k
pr o Ky
M (GPa) r (m?)
10 3710 21
15 2510721

déplacement radial

1.7
1.3
! |
R o9 . — ldentifié
E-3 | — Expérience
0.5 -
d
01 T T T T T T T T T T T T
0 2 4 6 8 10 12 14
t (Jours)
K = 2.12GPa, K, = 16.9GPa,
D =17410"%m2.s71

= Anisotropie, Fissuration
Corrélation : Cp) = 0.85

= autres phénomenes : réactions chimiques
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Exemple poroélasticité

Les éprouvettes (LMS-G3S)
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Identifiabilite ?

Questions sur l'identification des parametres

e existence et unicité
e stabilité (type de continuité)
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Conclusion

|dentification in elasticity

e theoretical and numerical results
e direct differentiation & adjoint state method

Sensibility Computations

e sensibility and contact conditions
e direct differentiation & adjoint state method

Perspectives

Techniques

e automatisation
e new applications

Theory

e generalization for constitutive laws with a sous-differentiable potential
e friction contact ?

e uniqueness & stability questions

e statistical analysis & correlation

model pertinence
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